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Exercise 1: [GCD]

a) Relating to Theorem 2.13: Let Fi for i ∈ N be the i-th Fibonacci-Number (i.e.
F0 = 0, F1 = 1 and Fi = Fi−1 + Fi−2 for i ≥ 2). Prove that bFi+2/Fi+1c = 1 and
Fi−1 = Fi+1 mod Fi for all i ≥ 2.

b) Let F [x] be the (Euclidean) univariate polynomial ring over a field F and further-
more a, b ∈ F [x] \ {0} and g = gcda, b ∈ F [x]. Show that for every polynomial
c ∈ F [x] with g | c there are unique polynomials σ, τ ∈ F [x], such that σa+ τb = c
and deg(σ) < deg(b)−deg(g) hold. If furthermore deg(c) < deg(a)+deg(b)−deg(g)
holds, then deg(τ) < deg(a)− deg(g).

c) Let a, b ∈ N+ and a > b. We want to decide wether there are i, j ∈ N+, such that
ai = bj . Consider the following decision procedure:
First check, if b | a. If not, then answer “no” . If yes, replace (a, b) with (a/b, b),
if a ≥ b2, or with (b, a/b), if a < b2. If – by iterating – finally a tuple (a′, 1) is
reached, answer “yes”.
Show that this procedure terminates and correctly solves our Problem for every
input and that it requires – in the worst case – O(λ(a)2) bit operations.

Exercise 2: [Division in Z]

a) We reconsider the division algorithm for non-negative base-b-integers for b ≥ 2.
Let u = (u0 · · ·un)b and v = (v1 · · · vn)b with bu/vc < b. As in the lecture let

q̂ = min
(⌊

u0b+ u1
v1

⌋
, b− 1

)
be the approximation of q = bu/vc with u = qv + r

and 0 ≤ r < v.
Prove that q̂ ≥ q and for v1 ≥ bb/2c also q̂ − 2 ≤ q.

b) Find an example for u and v with base 10 that illustrates the necessity of the
conditional statement

if (uj · · ·uj+n)b < q̂ · (v1 · · · vn)b then q̂ := q̂ − 1


