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Exercise 1: [Interpretations, tutorial]
Let I = (D, Ic, Iv) be the following interpretation:

D = N

Ic(1) = 1N

Ic(2) = 2N

Ic(p)(d) = 1, iff d is even

Ic(q)(d1, d2) = 1, iff d1 | d2

Ic(f)(d1, d2) = d1 · d2 (Multiplication in N)

Iv(x) = Iv(y) = 3

with d, d1, d2 ∈ D = N. Evaluate the following formulas under I

A1 ≡ ∀x [p(x) ↔ q(x, 2)]

A2 ≡ ∀x [(p(x) ∧ q(x, 2)) → ∀y[p(f(x, y))]]

A3 ≡ ∀x [∀y[q(y, x) → (y = x ∨ y = 1)] → ((x 6= 2) → ¬p(x))]

Exercise 2: [equivalence, tutorial]
Prove or disprove:

1. ∀x [p(x) ∧ q(x)] |==| ∀x [p(x)] ∧ ∀x [q(x)]

2. ∃x [p(x) ∧ q(x)] |==| ∃x [p(x)] ∧ ∃x [q(x)]

Exercise 3: [important theorems, 6 P]
Prove:

1. {∀x[3 · x > 4], ∃x[p(x)], q(3 + 4)} |= ∀x[42 > x] → ∃x[p(x)]

2. {p(a), p(x + 3) → ∃y[y > p(x + 3)], p ∨ q, p(x + 3)} |= ∃y[y > p(x + 3)]

3. {∀x[3 · x > 4], ∃x[p(x)], q(3 + 4)} |= ∀y[∀x[42 > x] → ∃x[p(x)]]

4. ∀x[¬(p(x) → ∃y[q(f(a, b))])] |==| ¬(∀y[p(y)] → q(f(a, b)))

5. Γ, A |= ¬B iff Γ, B |= ¬A

For number 5.: Do not use the deduction theorem, no truth table do not write down
"holds according to the lecture".

Exercise 4: [PKNF, PDNF, 2+2P]
Transform A1 into PKNF and A2 into PDNF:



A1 ≡ ∀x[p(x) → q(f(b)) ∨ ∀y∃z[r(f(x), g(z)) → (p(z) ∧ r(z, x))]]

A2 ≡ ∀x∀y[(p(x) → q(z)) → ∃z[r(x, z) ↔ q(x)]]

Exercise 5: [equivalence and conclusion, 6P]
Prove or disprove:

1. ∀x A |==| ¬∃x ¬A

2. ∀x [p(a) → q(x)] |==| p(a) → ∀x q(x)

3. ∃x [p(x) ∧ q(x)] |==| ∃x [p(x)] ∧ ∃x [q(x)]

4. |= ∃x [p(x) ∧ q(x)] iff. |= ∃x [p(x)] ∧ ∃x [p(x)]

5. |= ∀x [(p(a) ∧ ¬q(b, c)) → (q(b, c) → p(a))]

6. |= ∀P∃Q [P ↔ ¬Q]
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