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Exercise 1: [logical equivalence, satisfiability, tutoriall
Let p,q,r, and s be propositional variables and A, B, C formulas. Prove:

L{ppVgp—sr—qtEq—p
{p,pVap—sr—qFs

AEH~(-4)

AN(BAC) == (ANB)AC

AN(BVC) == (ANB)V (AAC)

—(AAB) == (wAV-B)und =(AV B) = (mAA-B)
7. A~ Bl=| (~A)VB

Which different ways are there to prove these equivalences?
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Exercise 2: [complete operator bases, tutorial]
Let the NAND-operator | be defined by

0 if p(A) =p(B)=1

1 otherwise.

p(A] B):= {
Prove that {|} is a complete operator basis.

Exercise 3: [boolean functions, tutoriall
Prove that every boolean function f : B™ — B can be represented by a formula built
using p1,...,pn and an operator basis.

Exercise 4: [operator sets, tutorial]
Let F({—,«}) be the set of all formulas containing only variables, -, and <.

Prove: If there are exactly n different variables in A € F({—, <»}), then there is a formula
A" € F({—,+}) with

1. A A

2. Negation symbols occcur in A’ only exactly in front of variables (e.g. p <> —q).

3. A’ contains at most 2n Literals (i.e. occurrences of negated or non-negated vari-

ables).

Exercise 5: [semantic conclusion, 6P]
Prove or disprove:



1. {pVgq—r}ET

2. {pANg,p—= (g—=r)aNr}tEqg—oT

3. {p,pANg,p—>r,gN—r,r =8, (~qVrVv-os)—=ptE(@—=r)AN(pV(r—r))
4 {pp—=rrv-gtEp—(¢—p)

5. FlEq—=pA(o(sA=(sV((gAr) = p))))

6. FEp< —p

Exercise 6: [deduction theorem, 5P]
Prove the following variant of the deduction theorem:

{41,..., A} EBiff. (Ai1A...ANA,) — B is a tautology.

Exercise 7: [compactness theorem, 5P]
Prove that the following set is satisfiable:

%= {pi V pir1li € N} UL{(pi A pi1) = —pisali € N}

Exercise 8: [compactness theorem, 2P]

Let ¥ C F be an infinite set of propositional formulas and let ¥, X9, X3, ... be satisfi-
able subsets of F, s. th. ¥’ C ¥; (for an ¢ > 0) holds for every finite subset ¥’ C X. Is
3 satisfiable? Prove your claim.

Exercise 9: [substitution, 4P]
Let A, B,C € F and let A == B be formulas and A be a subformula of C.

Prove: If C’ is gained C by replacing one or more occurrences of A by B, then C' == C’
holds.

Exercise 10: [complete operator bases, 6P]

1. Prove that {= —} is a complete operator basis.

2. Prove that {—, <} is not a complete operator basis.

Exercise 11: [stapler, 1P]
Formalise the following proposition: If neither a stapler nor a paper clip is used for a
submitted exercise, then possibly no points will be awarded for this exercise.

Attention: This proposition is a tautology!
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