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Sets, Functions,
Relations, and Fixpoints
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Sets

Sets, Functions, Relations

see IHT 6.1, 6.2, 6.3

» Finite Set Notation

» Set Comprehension

Binding Operators

Finiteness and Cardinality

Function update, Range, Injective - Surjective
Relations, Predicates

v

vV v VY
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Sets

Overview
« Set notation
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¢ Inductively defined sets

o ) = =133 = waQ
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Set notation

) Q>
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Sets
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Sets

Sets over type ‘a:
‘a set

) Q>
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Sets
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Sets

Sets over type ‘a:
‘aset = ‘a= bool
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S a:
ets over type ‘a:
s
a set

° {}, {ey,....en}, {x.Px}

‘a = bool

=) =) = =9 = DAl
-__________________________________________________________________________________________________|
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S a:
ets over type ‘a:
s
a set

° {}, {ey,....en}, {x.Px}

‘a = bool
cecA ACB

=) =) = =9 = DAl
-__________________________________________________________________________________________________|
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S ‘a:
ets over type ‘a:

‘a set

Sets, Functions, Relations, and Fixpoints

{} {e....en}, {x.Px}

‘a = bool
cecA ACB

.AUB, AnB, A'Bs

-A

=) =) = =9 = DAl
-__________________________________________________________________________________________________|
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Sets

Sets

Sets over type ‘a:

‘aset = ‘a= bool

3 {e....en}, {x.Px}
ecA ACB

AuB, AnB, A-B -A
Uxea BX, Nxea Bx

=) =) = =9 = DAl
-__________________________________________________________________________________________________|
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Sets

Sets

Sets over type ‘a:
‘aset = ‘a= bool

{} {e....en}, {x.Px}
cecA ACB

AuB, AnB, A-B -A
Uxea BX, Nxea Bx
{i.j}

=) =) = =9 = DAl
-__________________________________________________________________________________________________|
Prof. Dr. K. Madlener: Specification and Verification in Higher Order Logic 421



Sets, Functions, Relations, and Fixpoints

00000000008000000000000000000000000000000000000000000000000000000000O000000000000000000

Sets
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Sets

Sets over type ‘a:
‘aset = ‘a= bool

0 fen....e) {xPx
ecA ACB

AuB, AnB A-B -A
Uxea BX, Nxea Bx
{i.j}

insert :: 'a= 'a set = ’‘a set
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Sets

Sets over type ‘a:
‘aset = ‘a= bool

0 fen....e) {xPx
ecA ACB

AuB, AnB A-B -A
Uxea BX, Nxea Bx
{i.j}

insert :: 'a= 'a set = ’‘a set
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Proofs about sets
Natural deduction proofs:

° equalityI:[ACB;BCAl— A=8B

=) =) = = = DAl
-__________________________________________________________________________________________________|
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Proofs about sets

Natural deduction proofs:

° equalityI:[ACB;BCAl— A=8B

° subsetI: (AX.X€c A= xeB)=— ACB

=) =) = = = DAl
-__________________________________________________________________________________________________|
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Proofs about sets

Natural deduction proofs:

Sets, Functions, Relations, and Fixpoints

° equalityI:[ACB;BCAl— A=8B
° subsetI: (AX. xXe A= xeB)— ACB
° ... (see Tutorial)

=) =) = = = DAl
-__________________________________________________________________________________________________|
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Demo: proofs about sets

) Q>
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Bounded quantifiers

° VXxecA. Px
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e
Bounded quantifiers
°VxcA.Px =

VX. XxeA— Px

=) =) = =% = DAl
-__________________________________________________________________________________________________|
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Bounded quantifiers
°VxcA.Px =
e IxcA. Px

VX. XxeA— Px

=) =) = =% = DAl
-__________________________________________________________________________________________________|
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Sets

Bounded quantifiers

° VXxecA. Px
e 3xcA. Px

VX. XxeA— Px
Ix. xcAANPx

=) =) = =4 ) Qv
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Bounded quantifiers

VxcA.Px = vVx.xcA— Px
IxcA.Px = 3Ix.xcAAPx

ballI: (AX. x € A= Px)= VxcA. Px
* bspec: [VxecA. Px; x c Al]=— Px
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Bounded quantifiers

e VxXcA.Px = Vx.xcA— Px
e 3xcA. Px = 3Ix.xcAANPx

ballI: (AX. x € A= Px)= VxcA. Px

* bspec: [VxecA. Px; x c Al]=— Px

bexI: [Px; x € A] = 3IxcA. Px

* bexE: [3xcA. PX; \X. [x € A, PXx] = Q] = Q
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Inductively defined sets

=) =) = =4 = DAl
-__________________________________________________________________________________________________|
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Example: even numbers
Informally:
=) =) = =% = DAl

-__________________________________________________________________________________________________|
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Example: even numbers
Informally:
* 0 is even
=) =) = =% = DAl

-__________________________________________________________________________________________________|
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Example: even numbers
Informally:
* Qis even

* If nis even, soisn+2

=) =) = =% = DAl
-__________________________________________________________________________________________________|
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Example: even numbers

Informally:

Sets, Functions, Relations, and Fixpoints

* 0is even
* If nis even, soisn+2

* These are the only even numbers

=) =) = =% = DAl
-__________________________________________________________________________________________________|
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Example: even numbers

Informally:

Sets, Functions, Relations, and Fixpoints

* 0is even
* If nis even, soisn+2

* These are the only even numbers
In Isabelle/HOL.:

inductive_set EV :: nat set

— The set of all even numbers

=) =) = =% = DAl
-__________________________________________________________________________________________________|
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Sets
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Example: even numbers

Informally:

* Ois even
* If nis even, soisn+2
* These are the only even numbers
In Isabelle/HOL.:
inductive_set EV .. nat set
where
OcEv |

— The set of all even numbers
neEv—=n+2cEv

=) =) = =% = DAl
-__________________________________________________________________________________________________|
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Format of inductive definitions
inductive set S :: 7 set
=) =) = =¥ = DAl
-__________________________________________________________________________________________________|
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Format of inductive definitions
inductive_set S :: 7 set
where

[[6168,'..

Sets, Functions, Relations, and Fixpoints

; an S S; Al ;

,'Ak]]:>aES/

=) =) = = = DAl
-__________________________________________________________________________________________________|
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|
Format of inductive definitions

inductive_set S :: 7 set

Sets, Functions, Relations, and Fixpoints

where
[a€S;...;a,€S;A;. ;A]=acS |

where A;; ...; A, are side conditions not involving S.

=) =) = = = DAl
-__________________________________________________________________________________________________|
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Proving properties of even numbers
Easy: 4 € Ev

OcEv—=2cEv=—=4cEv

=) =) = = = DAl
-__________________________________________________________________________________________________|
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Proving properties of even numbers
Easy: 4 € Ev
OcEv=2cEv=4cEv
Trickier: me Ev —= m+m < Ev

=) =) = = = DAl
-__________________________________________________________________________________________________|
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Proving properties of even numbers
Easy: 4 € Ev

OcEv—=2cEv=—=4cEv
Trickier: me Ev —= m+m < Ev

Sets, Functions, Relations, and Fixpoints

Idea: induction on the length of the derivation of m € Ev

=] =y - =7 = Al
-__________________________________________________________________________________________________|
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Sets

Proving properties of even numbers

Easy: 4 Ev
OcEv—=2cEv=—=4cEv

Trickier: me Ev —= m+m < Ev

Idea: induction on the length of the derivation of m € Ev
Better: induction on the structure of the derivation

147
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Sets
-_________________________________________________________________________________________________|

Proving properties of even numbers

Easy: 4 Ev
OcEv—=2cEv=—=4cEv

Trickier: me Ev —= m+m < Ev

Idea: induction on the length of the derivation of m € Ev
Better: induction on the structure of the derivation

Two cases: m € Ev is proved by
°rule 0 ¢ Ev

147
-__________________________________________________________________________________________________|
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Sets
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Proving properties of even numbers

Easy: 4 Ev
OcEv—=2cEv=—=4cEv

Trickier: me Ev —= m+m < Ev

Idea: induction on the length of the derivation of m € Ev
Better: induction on the structure of the derivation

Two cases: m € Ev is proved by

° rule 0 € Ev
= m=0=— 0+0c Ev

147
-__________________________________________________________________________________________________|
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Sets
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Proving properties of even numbers

Easy: 4 Ev
OcEv—=2cEv=—=4cEv

Trickier: me Ev —= m+m < Ev

Idea: induction on the length of the derivation of m € Ev
Better: induction on the structure of the derivation

Two cases: m € Ev is proved by

° rule 0 € Ev
= m=0=— 0+0c Ev

crulene Ev=— n+2c Ev

147
-__________________________________________________________________________________________________|
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Sets

Proving properties of even numbers

Easy: 4 Ev
OcEv—=2cEv=—=4cEv

Trickier: me Ev = m+m < Ev

Idea: induction on the length of the derivation of m € Ev
Better: induction on the structure of the derivation

Two cases: m € Ev is proved by

rule 0 € Ev
— m=0= 0+0¢c Ev

ruene Ev—=— n+2c Ev
= m =n+2 and n+n € Ev (ind. hyp.!)
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Sets

Proving properties of even numbers

Easy: 4 Ev
OcEv—=2cEv=—=4cEv

Trickier: me Ev = m+m < Ev

Idea: induction on the length of the derivation of m € Ev
Better: induction on the structure of the derivation

Two cases: m € Ev is proved by

rule 0 € Ev
— m=0= 0+0¢c Ev

ruene Ev—=— n+2c Ev
= m =n+2 and n+n € Ev (ind. hyp.!)
= m+m = (n+2)+(n+2) = ((n+n)+2)+2 € Ev
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Rule induction for Ev
To prove

ne Ev= Pn
by rule induction on n € Ev we must prove

=) =) = = = DAl
-__________________________________________________________________________________________________|
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Sets

0000000000000 000O00000O00O0O00O0000000000000000e000000000000000000000OOOOOOOOOOOOOOOOOOOOO0O

Rule induction for Ev
To prove

ne Ev= Pn
by rule induction on n € Ev we must prove
* PO

=) =) = = = DAl
-__________________________________________________________________________________________________|
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Sets
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Rule induction for Ev
To prove

ne Ev= Pn
by rule induction on n € Ev we must prove
* PO

* Pn—= P(n+2)

=) =) = = = DAl
-__________________________________________________________________________________________________|
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Sets
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Rule induction for Ev
To prove

ne Ev= Pn

by rule induction on n € Ev we must prove
* PO

* Pn= P(n+2)

Rule Ev. induct:

[n€ Ev;PO; An.Pn=> P(n+2)] = Pn
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Rule induction in general
Set S is defined inductively.
=) =) = =9 = DAl
-__________________________________________________________________________________________________|
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Rule induction in general

Set S is defined inductively.
To prove

Sets, Functions, Relations, and Fixpoints

XeS= Px

=) =) = =9 = DAl
-__________________________________________________________________________________________________|
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Rule induction in general
Set S is defined inductively.
To prove

by rule inductionon x € S

Sets, Functions, Relations, and Fixpoints

xeS= Px
we must prove for every rule

[a€S;..
that P is preserved:

;a,eS]=aecs

o & = =149 Qe
-__________________________________________________________________________________________________|
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Rule induction in general
Set S is defined inductively.
To prove

by rule inductionon x € S

Sets, Functions, Relations, and Fixpoints

xeS= Px
we must prove for every rule

[aa€eS;...;a,€S]=aec$
that P is preserved:
[[Pa1,'

.;Pa,]= Pa

o & = =149 QR
-__________________________________________________________________________________________________|
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Sets

Rule induction in general

Set S is defined inductively.
To prove

xeS= Px
by rule inductionon x € S
we must prove for every rule
[aa€eS;...;a,€S]=aec$
that P is preserved:
[Pai;... ;Pa,]= Pa

In Isabelle/HOL:
apply(induct rule: S.induct)

149
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Demo: inductively defined sets

=) =) = =% = DAl
-__________________________________________________________________________________________________|
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Sets
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Inductive predicates

xXeS ~ Sx
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, .
Inductive predicates
Example:

xeS ~ Sx

inductive EV :: nat = bool
where

Sets, Functions, Relations, and Fixpoints

Evo |

Evn= Ev(n+2)

=) =) = =% = DAl
-__________________________________________________________________________________________________|
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Sets
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-___________________________________________________________________________________________________________________________|
, ,
Inductive predicates

Example:

xeS ~ Sx

inductive EV :: nat = bool
where

Evo |

Evn= Ev(n+2)

Comparison:
predicate: simpler syntax
set: direct usage of U etc

=) =) = =% = DAl
-__________________________________________________________________________________________________|
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, .
Inductive predicates
Example:

xeS ~ Sx

inductive EV :: nat = bool
where

Sets, Functions, Relations, and Fixpoints

Evo |

Evn= Ev(n+2)
Comparison:

predicate: simpler syntax
set:

direct usage of U etc

Inductive predicates can be of type 71 = ... = 7, = bool
o & = =151 QR
-__________________________________________________________________________________________________|
Prof. Dr. K. Madlener: Specification and Verification in Higher Order Logic

466



Sets, Functions, Relations, and Fixpoints

0000000000000 000000000000000000000000000000000000000000e000000000OO0000000OOO00O0000000

Sets
-_________________________________________________________________________________________________|

Automating it

) Q>
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simp and auto
simp rewriting and a bit of arithmetic

auto rewriting and a bit of arithmetic, logic & sets

=) =) = =% = DAl
-__________________________________________________________________________________________________|
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|
i d auto

simp rewriting and a bit of arithmetic

Sets, Functions, Relations, and Fixpoints

auto rewriting and a bit of arithmetic, logic & sets

* Show you where they got stuck

=) =) = =% = DAl
-__________________________________________________________________________________________________|
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i d auto

simp rewriting and a bit of arithmetic

auto rewriting and a bit of arithmetic, logic & sets

* Show you where they got stuck
* highly incomplete wrt logic

=) =) = =% = DAl
-__________________________________________________________________________________________________|
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blast
* A complete (for FOL) tableaux calculus implementation
=) =) = =% = DAl
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* A complete (for FOL) tableaux calculus implementation
« Covers logic, sets, relations, ...

=) =) = =% = DAl
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Sets

0000000000000000000000000000000000000000000000000000000000000800OO0V0000000000000000000
e

* A complete (for FOL) tableaux calculus implementation

« Covers logic, sets, relations, ...

* Extensible with intro/elim rules

=) =) = =% = DAl
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Sets

blast

A complete (for FOL) tableaux calculus implementation
Covers logic, sets, relations, . ..

Extensible with intro/elim rules

Almost no “=”
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Demo: blast

) Q>
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Well founded relations
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.
Well founded relations

see IHT 6.4

» Well founded orderings: Induction
» Complete Lattices Fixpoints
» Knaster-Tarski Theorem

=) =) = = = DA
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Fixpoints

Fixpoints

Importance

Inductive definitions of sets and relations
Reminder: relations are sets in Isabelle/HOL
E.g.: 0 € even

n € even ==> n+2 € even

vV v v VY
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Properties of Orderings and Functions

Definition 5.1. Monotone Function

Let D be a set with an ordering relation <. A functionf : D — D is
called monotone, if x <y — f(x) < f(y)

Remark

The inductive definition above induces a monotone function on sets
with the subset relation as ordering:

» f_even :: nat set -> nat set
» f_even (A)=AU{0}U{n+2|ne A}
| 4

>

Prof. Dr. K. Madlener: Specification and Verification in Higher Order Logic 478



Sets, Functions, Relations, and Fixpoints
Fixpoints

Well-founded Orderings

000000000000 00000000O00000000000000000000000000000000000000000000000e0000000000000000000

» Partial-order <C X x X well-founded iff

(VYCX:Y#£0— (dy € Y:yminimalin Y in respect of <))

» Quasi-order < well-founded iff strict part of < is well-founded.
» |nitial segment: Y C X, left-closed i.e.

(VyeY:(VxeX:xSy—xeY))
» Initial section of x: sec(x) ={y : y < x}

=) =) = = = DA
-__________________________________________________________________________________________________|
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Supremum

000000000000 00000000O000000000000000000000000000000000000000000000000e000000000000000000

» Let (X, <) be a partial-order and Y C X

» S C Xis a chain iff elements of S are linearly ordered through <
» yis an upper bound of Y iff

vy eY:y' <y
and

» Supremum: y is a supremum of Y iff y is an upper bound of Y

vy’ € X : ((y’ upper bound of Y) — y < y’)
» Analog: lower bound, Infimum inf(Y)

o ﬁl = = :f v/') Q (:\v
-__________________________________________________________________________________________________|
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CPO

0000000000000 00000000000000000000000000000000000000000000000000000000e00000000000000000

» A Partial-order (D, C) is a complete partial ordering (CPO) iff
» dthe smallest element L of D (with respect of C)
» Each chain S has a supremum sup(S).

=) =) = = = DA
-__________________________________________________________________________________________________|
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Example 5.2. .

» (P(X),C)is CPO.

Sets, Functions, Relations, and Fixpoints

» (D,C)is CPO with
cod(f) C Y.

» D= X -~ Y:setof all the partial functions f with dom(f) C X and
» Letf,ge X » Y.

f C giff dom(f) C dom(g) A (Vx € dom(f) : f(x) = g(x))

=) =) = = = DA
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Monotonous, continuous

000000000000 00000000O000000000000000000000000000000000000000000000000000e000000000000000

» (D,C), (E,C") CPOs

» f: D — E monotonous iff

(vd,d' e D:dC d — f(d) T’ f(d"))
» f: D — E continuous iff f monotonous and

(vS C D: Schain — f(sup(S)) = sup(f(S)))
» X C Dis admissible iff

(VS C X : Schain — sup(S) € X)
=) =) = = ) Qv
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L
Fixpoint
» (D,C)CPO, f:D— D

» d € D fixpoint of f iff

Sets, Functions, Relations, and Fixpoints

f(d)=d
» d € D smallest fixpoint of f iff d fixpoint of f and

(vd' € D : d' fixpoint — d C d’)

=) =) = = = DA
-__________________________________________________________________________________________________|
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Fixpoints

Fixpoint-Theorem

Theorem 5.3 (Fixpoint-Theorem:). (D,C) CPO, f: D — D
continuous, then f has a smallest fixpoint uf and

pf =sup{f/(1):iec N}
Proof: (Sketch)
» sup{fi(L):ie N} fixpoint:
f(sup{fi(L):ieN}) = sup{f*'(L):ieN}
(continuous)
= sup{sup{f*'(L):ieN}, 1}
= sup{fi(L):ieN}

=) =) = DA
-__________________________________________________________________________________________________|
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Fixpoints

Fixpoint-Theorem (Cont.)

Fixpoint-Theorem: (D,C) CPO, f : D — D continuous, then f has a
smallest fixpoint xf and

pf =sup{f(L):ic N}

Proof: (Continuation)
» sup{fi(L): i€ N} smallest fixpoint:

1.

d’ fixpoint of f

2. 1C d

3. f monotonous, d’ FP: f(L) C f(d') = d’
4.

5. sup{fi(L):ie N} C d

Induction: Vi e N : f/(1) C f(d') = d’

[m] = = =

Dac
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Induction

Induction over N

Induction’s principle:
(VXCN:(0eXA(VxeX:xeX—x+1eX)))—>X=N)

Correctness:
1. Let's assume no,so IX CN: N\ X # 0
. Let y be minimum in N'\ X (with respect to <).
y#0
y—-1eXnAnyé¢Xx
Contradiction

ok~
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Induction

Induction over N (Alternative)

Induction’s principle:

(VXCN:(VxeN:sec(x) C X —xeX)—X=N)
Correctness:

1. Let's assume no,so IX CN: N\ X #£ 0

2. Let y be minimum in N\ X (with respect to <).
3.sec(y)C X, y¢ X
4. Contradiction

=) =) = = DA
-__________________________________________________________________________________________________|
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Induction

Well-founded induction

Induction’s principle: Let (Z, <) be a well-founded partial order.
(VXCZ:(vxecZ:sec(x) CX —xeX)—X=2)

Correctness:
1. Let's assume no, so Z\ X # ()
2. Let z be a minimum in Z\ X (in respect of <).
3.sec(z) S X,z¢ X
4. Contradiction
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Induction

FP-Induction: Proving properties of fixpoints

Induction’s principle: Let (D,C) CPO, f : D — D continuous.
(VX C D admissible : (Le XA (Vy :y e X — {(y) € X)) — uf € X)
Correctness: Let X C D admissible.

uf€ X < sup{f(L):ieN}eX (FP-theorem)
< VieN:fi(L)eX (X admissible )

< 1leXA(VneN:f(L)e X — f(f"(L)) € X)
(Induction N)

< leXA(VyeX—f(y)eX) (Ass.)
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Problem
Exercise 5.4. Let (D,C) CPO with
| 2 X — Y = N

cod(f)C Y.

» D= X -+ Y:setall partial functions f with dom(f) C X and
> Letf,ge X =» Y.

Consider

F: D — P(NxN)

g o {{(0,1)}

g="0
{(x,x-g(x—1)): x—1edom(g)} U{(0,1)} otherwise
=) =) = = ) QY
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Induction

0000000000000 00000O0O00O00O0O00O00000000O0O000O0O00000000000000000000000000000000000000000e000000
|
Prove:

1.vgeD:F(g9)eD,ie. F:D—-D
2. F: D — D continuous
3. Vne N: uF(n)=n!
Note:

» uF can be understood as the semantics of a function’s definition
function Fac(n : NJ_) TN =get
if n=0then 1

else n-Fac(n—1)
» Keyword: ' functions’ in Isabelle

=) =) = = = DA
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e

Exercise 5.5. Prove: Let G = (V, E) be an infinite directed graph with
» @ has finitely many roots (nodes without incoming edges).
» Each node has finite out-degree.

» Each node is reachable from a root.

There exists an infinite path that begins on a root.

=) =) = = = DA
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Prof. Dr. K. Madlener: Specification and Verification in Higher Order Logic



Sets, Functions, Relations, and Fixpoints
000000000000 00000O000O000000000000000000000000000000O00000000000000000000000000000000e0000

Induction

Complete Lattices and Existence of Fixpoints

Definition 5.6. Complete Lattice

A partially ordered set (L, <) is a complete lattice if every subset A of
L has both a greatest lower bound (the infimum, also called the meet)
and a least upper bound (the supremum, also called the join) in

(L, <). The meet is denoted by \ A, and the join by \/ A.

Lemma 5.7. Complete lattices are non empty.

Theorem 5.8. Knaster-Tarski

Let (L, <) be a complete lattice and letf : L — L be a monotone
function. Then the set of fixed points of f in L is also a complete
lattice.

Consequence 5.9. The Knaster-Tarski theorem guarantees the
existence of least and greatest fixpoints.

-__________________________________________________________________________________________________|
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Induction

Proof of the Knaster-Tarski theorem

Reformulation
For a complete lattice (L, <) and a monotone function f : L — Lon L,
the set of all fixpoints of f is also a complete lattice (P, <), with:

» \/ P =\V{x e Ljx < f(x)} as the greatest fixpoint of f

» AP = A{x € L|f(x) <= x} as the least fixpoint of f
Proof: We begin by showing that P has least and greatest elements.
Let D={y e Ly <f(y)}and x € D. Then, because f is monotone,
we have f(x) < f(f(x)), thatis f(x) € D.
Now let u=\/ D. Then x < v and f(x) < f(u), so x < f(x) < f(u).
Therefore f(u) is an upper bound of D, but u is the least upper bound,
so u < f(u),i.e. ue D. Then f(u) € D (from above) and f(u) < u
hence f(u) = u. Because every fixpoint is in D we have that u is the
greatest fixpoint of f.
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Induction

Proof of the Knaster-Tarski theorem (cont.)

The function f is monotone on the dual (complete) lattice (L, >). As
we have just proved, its greatest fixpoint there exists. It is the least
one on L, so P has least and greatest elements, or more generally
that every monotone function on a complete lattice has least and
greatest fixpoints.

IfacLand be L, a< b,we'll write [a, b] for the closed interval with
bounds aand b: {x € L|a < x < b}. The closed intervals are also
complete lattices.

It remains to prove that P is complete lattice.

Prof. Dr. K. Madlener: Specification and Verification in Higher Order Logic 496



Sets, Functions, Relations, and Fixpoints
000000000 ee0

Induction

Proof of the Knaster-Tarski theorem (cont.)

Let W c Pand w =\/ W. We construct a least upper bound of W in
P. (The reasoning for the greatest lower bound is analogue.)

For every x € W, we have x = f(x) < f(w), i.e., f(w) is an upper
bound of W. Since w is the least upper bound of W, w < f(w).
Furthermore, for y € [w,\/ L], we have w < f(w) < f(y). Thus,
f(lw,V L]) C [w,V L], and we can consider f to be a monotone
function on the complete lattice [w, \/ L]. Then,

v =NA{x € [w,V L]|f(x) < x} is the least fixpoint of f in [w,\/ L].
We show that v is the least upper bound of W in P.

a)visin P.

b) v is an upper bound of W, because v € [w,\/ L], i.e., w < v.
C) v is least. Let z be another upper bound of W in P. Then,
w<zze[w,)\ L], zis fixpoint, hence v < z
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Induction

Lattices in Isabelle

Monotony and Fixpoints

mono f=VAB. A<KB—fA<fB (mono_def)
Usually subset relation as ordering

Ifp f = Inf{u| f u < u} (Ifp_def)

mono f = Ifpf="f(lfpf) (Ifp_unfold)

[I[mono ?f; ?f (inf (Ifo ?f) 7P) < ?P|| = Ifo?f < 7P
(Ifp_induct)

» gfp f = Sup{u| u < fu} (ofp_def)
» monof=gfof="1(gfpf) (gfp_unfold)

> [[mono 7f;7X < ?f (sup ?X (gfp 7f))|]] =X < gfp ?f
(coinduct)

vy vV v v VY

[m] = = =

Q@
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