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Fundamentals

Algebraic Specification - Equational Logic

Specification techniques’ requirements:

» Abstraction (refinement)

» Structuring mechanisms

Partition-aggregation, combination, extension-instantiation
Clear (explicit and plausible) semantics

Support of the ,verify while develop“-principle

Expressiveness (all the partial recursive functions representable)
Readability (adequacy) (suitability)

vV V. v v
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Algebraic Specification - Algebras

Specification of data types
Syntax
{ signature

Equations
axiom } {

ti =t
if pthent; = t,

Programs

data operations
directed application
Algebras
heterogeneous

(Many-Sorted)

order-sorted homogeneous
(Many-Sorted)  (Single-Sorted)
= = = = = Dal
O
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Algebrae

Single-Sorted Algebras

Example 6.1. a) Groups

SORT: g
SIG:: -:g,8— & l:—g l.g—g
EQN:: x-1=x x-x1=1

(x-y)-z=x-(y-2)
All-quantified equations

Models are groups

Question: Which equations are valid in all groups,
ie. EQN =t =t

l-x=x xtox=1 (xHt=x
o S =, = ©ac
.S S
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Algebrae

Single-Sorted Algebras

Equational Logic: Replace ,equals” with ,equals”
Problem: cycles, non-termination
Solution: Directed equations ~» Term rewriting systems

Find R ,convergent* with = = <=
EQN R
x-1—x 1-x—x
x-x 151 x1.x 1
171 —1 x H1 - x
x )t =ytxTt (xey)z—x-(y-2)
X_l'(X-y)—>y X-(X_l‘y)—>y

o = = = = Dol
o
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Algebrae

Many-Sorted Algebras

b) Lists over nat-numbers

SIG: BOOL, NAT, LIST Sorts
true, false: — BOOL
0 — NAT
suc: NAT — NAT
+: NAT, NAT — NAT
eq: NAT, NAT — BOOL
nil: — LIST
. NAT, LIST — LIST
app: LIST, LIST — LIST
rev: LIST — LIST

=] T = = =  HA

.S S
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Many-Sorted Algebras

Axioms are all-quantified equations, i.e.
VXla vy Xny Y1y ooy Ym t tl(Xl» "'vXn) = t2(.y15 "'aym) where

t1 (X1, ey Xn), t2(¥1, ..., Ym) Terms of the same sort over the signature.
EQN: n+0=n n+suc(m)=suc(n+ m)
eq(0,0) = true eq(0,suc(n)) = false
eq(suc(n),0) = false
eq(suc(n), suc(m)) = eq(n, m)

app(nil,/) =1 app(n.h, h) = n.app(h, h)

rev(nil) = nil rev(n./) = app(rev(/), n.nil)
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Many-Sorted Algebras
Terms of type BOOL, NAT, LIST as identifiers for elements.
(standard definition!)

Which algebra is specified? How can we compute in this algebra?
Direct the equations ~» term-rewriting system R. Evidently e.g.:

s'(0) + 5/(0) % s"(0)

app(3.1.nil, app(5.nil, 1.2.3.nil)) % 3.1.5.1.2.3.nil

rev(3.1.nil) — app(rev(L.nil), 3.nil)

— app(app(rev(nil), L.nil), 3.nil)
— app(app(nil, 1.nil), 3.nil)

— app(L.nil, 3.nil) = 1.3.nil

'O'U

Question: Is app(x.y.nil, z.nil) =g app(x.nil, y.z.nil) true?

o> I =, = 9DaCl
.S S
Prof. Dr. K. Madlener: Formal Specification and Verification Techniques: Introduction



Algebraic Specification - Equational Calculus
Algebrae

0000000800000 000000000000000000000000000000000

Many-Sorted Algebras

e.g.

Some equations are not valid in all the models of EQN= E.

X+y#Ey+x
app(x,app(y, z)) #e app(app(x, y), 2)
rev(rev(x)) #g x
The pairs of terms cannot be joined via rewriting.
Distinction:

- Equations that are valid in all the models of E.
- Equations that are valid in data models of E.

Xx+y=y+x:50+50=50+s0allij
rev(rev(x)) = x for x = s10.s20....s"0.nil
=] = = = = Al
m



Algebraic Specification - Equational Calculus
00000000@0000000000000000000000000000000000000
Algebraic Fundamentals

Thesis: Data types are Algebras

ADT: Abstract data types. Independent of the data representation.
Specification of abstract data types:

Concepts from Logic/universal Algebra
Objective: common language for specification and implementation.

Methods for proving correctness:
Syntax, L formulae (P-Logic,Hoare,. . .)
CI: Consequence closure (e.g. =, Th(A),...)
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Algebraic Fundamentals

Consequence closure

Cl:P(L) — P(L) (subsets of L) with

a)AC L~ AcC Cl(A)
b) A,BC L,AC B~ CI(A) C CI(B) (Monotonicity)
c) CI(A) = CI(CI(A)) (Maximality)

Important concepts:

Consistency: A C L A is consistent if C/(A) C L

Implementation: A (over L") implements B (over L) (Refinement)
Lcl',CI(B) C ClI(A)

Related to implication.
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Signature - Terms

Definition 6.2. a) Signature is a triple sig = (S. F, 1) (abbreviated: ¥)
» S finite set of sorts

» F set of operators (function symbols)
» 7:F — ST arity function, i.e.

7(f)=s1---s, 5, n >0, s; argument’s sorts, s target sort.

Write: f :s1,...,8, — s

(Notice that n = 0) is possible, constants of sort S.

=] T = =  HA
.S S
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Signature - Terms

b) Term(F): Set of ground terms over sig and their tree presentation

Term(F) := U Termg(F)
ses
recursive definition:
» f:— s, s0f € Term(F)
> f s,

f(tl,.

representation:  -f
,Sn — S, t; € Termg,(F)  with rep. T; so
,tn) € Terms(F) with rep.

Consider the representation by ordered trees
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Signature - Terms

Signature - Terms

o V= U V, system of variables VN F = @.
seS

Each x € V; has arity x :— s

Set: Term(F, V) := Term(FU V).

Quotation: terms over sig in the variables V.
(F and 7 extended with the set of variables and their sorts).

Intention: for variables it is allowed to use any object of the same sort,
i.e. terms of this sort. “Placeholder” for an arbitrary object of this sort.
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Strictness - Positions- Subterms

Definition 6.3. a) s € S strict, if Terms(F) # @

If for each sort s € S there is a constant of sort S or a function
f:s,...,8, — s, so that the s; are strict. If all the sorts of the signature
are strict.~~ strict signatures (general assumption)

b) Subterms (t) = {t, | p location (position) in p, t, subterm in p}
The positions are represented by sequences over N
(elements of N*, e the empty sequence).
O(t) Set of positions in t,
For p € O(t) t, (or t|p) subterm of t in position p
> t constant or variable: O(t) = {e} te=1t
> t=1f(t1,...,t,) SO

O(t)={ip|1<i<npeO(t)}U{e}
tip = tilp and te =t.
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Strictness - Positions- Subterms

Term replacement

c) Term replacement: t, r € Term(F, V)
p € O(t) : with r, t, € Terms(F, V) for a sort s.
Then

t[r]p, tlp < r| respectively t/ is the term, that is obtained from t by
replacing subterm t, by r.

So t[p « r]g =tq for q | p and

tlp—rlp=r
t tlp<-r
a AP q 0
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Strictness - Positions- Subterms
.S S

Signatures - terms

Example 6.4. S = (BOOL,NAT,LIST), F = {true, false, ...},
7:F — S§* :: true:— BOOL, eq : NAT,NAT — BOOL,...

V= Vool U VNaT U Viist

{b;j : i € N} {x; : i € N} {li : i € N}

Ground terms:
true, false, eq(0, suc(0)) € TermgooL(S)
0,suc(0),suc(0) + (suc(suc(0)) + 0) € Termyat(S)
app(nil,;suc(0).(suc(suc(0)).nil) € TermpsT(S)
0.suc(0), eq(true, false), rev(0) no terms.
General terms:
eq(x1, x2) € TermpooLe(F, V), suc(x1) + (x2 + suc(0)) € Termyar(F, V)
app(/l,Xl /0) S Term|_|s-|-(F, V)
rev(xi.l) € Termyst(F, V)
app(xi, h) no term.
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Signatures
Representation of signatures (graphical or standardized)
/u'ue suc
0
Chool = false 0Nt )
-{u\e empty \ml 5 1
false pop top
Notations:
sorts ...
ops ...

op: W—S
opy, ..

,opi: W —S
=] T = = =  HA
.S S
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Interpretations: sig-Algebras

Definition 6.5. sig = (S, F,7) signature. A sig-Algebra 21 is composed of
1) Set of support A = |Jses As, As # D set of support of sort s.
2) Function system Fy = {fy : f € F} with

fa 1 As, X -+ x Ag, — As function and 7(f) = s,
Notice: The fy are total functions.

<.+ 5,S.
The precondition As # & is not mandatory.

=] T = = =  HA
.S S
Prof. Dr. K. Madlener: Formal Specification and Verification Techniques: Introduction



Algebraic Specification - Equational Calculus
Interpretations: sig-algebras

000000000000 000000@000000000000000000000000000

Interpretations: sig-Algebras

Example 6.6. a) sig = BOOL, true, false :— BOOL
A4 {0,1} trueg, =0 falseg, =1
Ay {0,1} trueg, =0
s N truey, = 4
Ay {true, false}

falsey, =0
falsey, =5

trueg, = true
b) sig = NAT, 0, suc
AiNAT

bool-Alg.
falsey, = false
N Z N {true, false}
Og, 0 0 1 true
sucg, sucy pred; idy

{0, suc’(0)}
suc(true) = false

0
suc(0) = suc(0)
suc(false) = true suc(suc’(0)) = suc*1(0)
=] &5 = = = Da
.S S
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Interpretations: sig-algebras

Free sig-algebra generated by V

Definition 6.7.  » A = (A, Fy) with: A= J,c5As Ac = Termo(F, V),
i.e. A= Term(F,V)
Fof:isy,...,sn—s, fy(tr, ... tn) = Ff(t1,...,tn)
A is sig-Algebra:: T, (V)
the free termalgebra in the variables \/ generated by V

> V = o: Ay = Terms(F) set of ground terms
(As # @, because sig is strict).

A ground termalgebra:: Tgg
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Interpretations: sig-algebras

O
Homomorphisms

Definition 6.8 (sig-homomorphism). 21,2’ sig-algebras
h: 20 — A" family of functions

h={hs: As — A. :s € S} is sig-homomorphism
when

hs(fm(al, ey an)) = fg/(hsl(al), e hsn(an))

As always: injective, surjective, bijective, isomorphism

fs
L Algebra
h h
f‘Q[’

M+ Algebra?’
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Canonical homomorphisms
.S S
Canonical homomorphisms

Lemma 6.9. 2 sig-Algebra, T, ground term algebra

a) The family of canonical interpretation functions
hs : Terms(F) — A, defined through

hS(f(tl’ SRR tn)) = fﬂ(hsl(tl)a SR hSn(tn))
with hs(c) = cy is a sig-homomorphism.

Proof: Just try!!

Uniqueness!
=] = = = = Al
.S S
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Canonical homomorphisms

O
Initial algebras

Definition 6.10 (Initial algebras). A sig-Algebra 2 is called
initial in a class C of sig-algebras, if for each sig-Algebra 2! € C exists
exactly one sig-homomorphism h : A — 2.

Notice: T is initial in the class of all sig-algebras (Lemma 6.9).
Fact: Initial algebras are isomorphic.

Isomorphism class for thg
Init —Algebrae

The final algebras can be defined analogously.
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Canonical homomorphisms

Canonical homomorphisms

2 sig-Algebra, h: Tgg — 2 interpretation homomorphism.
2 sig-generated (term-generated) iff
Vse€S hs:Termg(F) — As surjective

The ground termalgebra is sig-generated.

ADT requirements:

» Independent of the representation (isomorphism class)
» Generated by the operations (sig-generated)
Often: constructor subset

Thesis: An ADT is the isomorphism class of an initial algebra.
Ground termalgebras as initial algebras are ADT.

Notice by the properties of free termalgebras : functions from V in 2 can
be extended to unique homomorphisms from T, (V) in .
=} = = = = Al
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Equational specifications
O
Equational specifications
For Specification’s formalisms:

Classes of algebras that have initial algebras.

sigINT

~» Horn-Logic (See bibliography)
sortsint
ops 0:—int
suc : int — int

pred : int — int

=] T = = =  HA
.S S
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Equational specifications

O
Equational specifications

Definition 6.11. sig = (S, F, ) signature, V' system of variables.
a) Equation: (u,v) € Terms(F, V) x Terms(F, V)
Write: u=v

Equational system E over sig, V/: Set of equations E
b) (Equational)-specification: spec = (sig, E)

where E is an equational system over F U V.

Prof. Dr. K. Madlener: Formal Specification and Verification Techniques: Introduction
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Equational specifications

Notation

Keyword eqns

spec INT
sorts int implicit
ops 0:— int All-Quantification
T suc, pred: int — int  often also a declaration
eqns suc(pred(x)) = x of the sorts
pred(suc(x)) = x of the variables
Semantics::

» |oose all models (PL1)
» tight (special model initial, final)

» operational (equational calculus + induction principle)

Prof. Dr. K. Madlener: Formal Specification and Verification Techniques: Introduction
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Equational specifications

Models of spec = (sig, E)

Definition 6.12. 2 sig-Algebra, V(S)- system of variables

a) Assignment function ¢ for A: s : Vs — As  induces a

valuation ¢ : Term(F,V) — 2 through

o(f) = fy, f constant, p(x) := ps(x), x € Vs
(p(f(tla BERE) t,,)) = fg[((p(t]_), ceey @(tﬂ))

2 = A
Termg(F, V) 25 A
Term(F,V) %« homomorphism

(Proof!)

=] T = =  HA
.S S
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Equational specifications

Models of spec = (sig, E)

b) s =t equation over sig,V
A |= s = t: A satisfies s = t with assignment ¢ iff ¢(s) = ¢(t),

%)
equality in A.

c) A satisfies s =t or s =t holds in 2

2l = s = t: for each assigment ¢
AEs=t
©

d) 2 is model of spec = (sig, E)

iff 2 satisfies each equation of E
AEE  ALG(spec) class of the models of spec.
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Equational specifications
.S S

Examples

Example 6.13. 1)

spec  NAT
sorts nat
ops 0:— nat
s :nat — nat
_ +_ :nat,nat — nat
egns x+0=x
x+s(y) =s(x+y)

=] T = = =  HA

.S S
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Equational specifications

Examples

sig-algebras

1 i
= ({true, false}, 0,
= false §(true) = false

i+j=1iVj

>

(false) = true

[m] = =

) Q>
.S S
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Equational specifications
.S S
) 9y

2A, 9B, ¢ are models of spec NAT
eg. B:

p(x)=a go(Ayzzb a,beZ
p(x+0)=a+0=a-1=a=

o(x)
(x+s(y)) =ats(b)=a-(b-5)
(3 b) -5 = 3(a+

15)
p(s(x+y))

=] T = = =  HA
.S S
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Equational specifications

Examples

2)
spec  LIST(NAT)
use  NAT
sorts nat, list
ops  nil :— list
_._ :nat,list — list
app : list, list — list
eqns  app(nil, g2) = g2
app(x.q1, q2) = x.app(q1, G2)

=] T = = =  HA
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Equational specifications

Examples

spec-Algebra

A N, N*

0=0 F=+ 3=+1

nil=e (emptyword)

T (ihyz)=iz

app(z1, z2) = z12» (concatenation)

=} = = = = Al
.S S
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Equational specifications
.S S
Examples
3) specINT  suc(pred(x)) = x
1
Aint

pred(suc(x)) = x
2 3
Z N {true, false}
Og, 0 0 true
true — false
sucy; | sucz SucN false — true
n+1—n true — false
predy, | predy 050
+ —

false — true }
=] T = = =  HA
.S S
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Equational specifications
.S S
Examples
4 5
Ane | {a,b}*UZ | {1}TU{0}T U{z}
Ogy, 0

|
z !
1" — 1n+1 )
z—1 .
sucyy, sucy, ort s on id
| 00—z
1n+1 .
1—2z
predg, predy

id
z—0
0" — 0n+1
\
[=] =3 = ) Qv
.S S
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Substitution

Substitution

Definition 6.14 (sig, Term(F, V)). o 0s: Vo — Termg(F. V),
os(x) € Termg(F, V), x € Vs
o(x) = x for almost every x € V

D(o)={x | o(x) # x} finite:: domain of o

Write 0 = {x1 « t1,....x, < 1}

Extension to homomorphism o : Term(F, V) — Term(F, V)

o(f(ty,... . ty) =f(o(ty),...,o(tn))

Ground substitution: t; € Terms(F) x; € D(o)s

Prof. Dr. K. Madlener: Formal Specification and Verification Techniques: Introduction
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Lose semantics

Definition 6.15. spec = (sig, E)
ALG(spec) = {2 | sig-Algebra, A |= E}  sometimes alternatively
ALGrg(spec) = {2 | term-generated sig-Algebra, A |= E}

Find: Characterizations of equations that are valid in ALG(spec) or
ALG(; (spec).

a) Semantical equality: E =s =t
b) Operational equality: t; l;! to iff

There is p € 0(t1),s = t € E, substitution o with

tilp = 0(s), 2 = ti[o(t)]p(ta[p — o(t)])
or t1]p, = o(t), l‘z*E ti{o(s)]p

=gt iff t 'E' tr

Formalization of replace equals < equals
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Loose semantics
.S S
Equality calculus
c) Equality calculus: Inference rules (deductive)
Reflexivity

t=t
Transitivity t =tt/’=t/t,/= o
Replacement =t

[t']p = s[t"],

(frequently also with substitution o)

p € 0(s)
=] T = = =  HA
.S S
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Loose semantics

Equality calculus

E = s = t iff there is a proof P for s =t out of E, i.e.
P=

t; =

sequence of equations that ends with s = t, such that for
t € P.

= t, € o(E) for a Substitution o

i) t1
II) ti =1t...

out of precedent equations in P by application
of one of the inference rules.

=] T = =  HA
.S S
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Loose semantics

Properties and examples

Consequence 6.16 (Properties and Examples). a) Ifeither E = s =t
ors =g torEt s=1t holds, then

i) If o is a substitution, then also
Efo(s)=o(t) / o(s) =e o(t) | E = o(s) = a(t)

i.e. the induced equivalence relations on Term(F, V) are
stable w.r. to substitutions

i) reTerm(F,V), pe0(r), rlp, s,t € Termy (F, V) then

EErlslp=rltlp / rls]p =€ r[t]p / E - rs]p = r[t],
replacement property (monotonicity)

~ Congruence on Term(F, V') which is stable.
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Loose semantics

Congruences / Quotient algebras

b) 2 = (A, Fy) sig-Algebra. ~ bin. relation on A is congruence relation
over A, iff

i) a~ b~ 3Is€S:a,be A (sort compatible)
ii) ~ is equivalence relation

i) ai~bj (i=1,...,n), fy(ai,...,an) defined
~ fy(ar,...,an) ~ fu(by,..., by) (monotonic)

20/ ~ quotient algebra:

Al ~= Uses(As/ ~)s with (As/ ~)s = {[a]~ : a € As} and fQ(/N
with oy (o). []) = [Fa(a1s . 20)]

well defined, i.e. 2/ ~ is sig-Algebra. Abbreviated (.

v : A — A with ps(a) = [a]~ is a surjective homomorphism, the
canonical homomorphism.

Prof. Dr. K. Madlener: Formal Specification and Verification Techniques: Introduction
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0000000000000 00000000000000000000000000000e000
Connection between |=, =g, -

Connections between =, =g, ¢

c) A, A sig-algebras ¢ : A — A" surjective homomorphism.
Then

AEs=t~A' Es=t
d) spec = (sig, E):
s=gt iff EFs=1t

e) A sig-Algebra, R a sort compatible bin. relation over 2L.

Then there is a smallest congruence =g over 2 that contains R, i.e.
R QER

=g the congruence generated by R

Proofs: Don't give up...
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Algebraic Specification - Equational Calculus
00000000000 000000000O00000000000000000000000e00
Connection between |=, =g, Fg

Connections between =, =g, ¢

f) 2 sig-Algebra, E equational system over (sig, V).
E induces a relation L A where

a_y a’ (a,a € A,) iff thereis t =t € E and an assignment
S

w: V= Awith p(t) =a, p(t') =4
This relation is sort compatible.
Fact: Let = be a congruence over 2 that contains ENQx' then A/ = is
a spec = (sig, E)-Algebra, i.e. model of E.

g) Existence: A = T, the (ground) term algebra, then =g is on T
the smallest congruence that contains ~ .

)

In particular T,/ =¢ is a term-generated model of E.

=] = = =
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Algebraic Specification - Equational Calculus
000000000000 00000000O000000000000000000000000e0
Connection between |=, =g, Fg

example

spec :: INT with pred(suc(x)) = x, suc(pred(x)) = x

(Tint/ =€)t = {[0] = {0, pred(suc(0)), suc(pred(0)), . ..
[suc(0)] = {suc(0), pred(suc(suc(O))),...
[suc(suc(0))] = {--
Jred(0)] = {pred(0), suc(pred(pred(0))) .

sucry/=¢ ([pred(suc(0))]) = [suc(pred(suc(0)))]
= [suc(0)]

= SUCTinr/=¢ (10
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Algebraic Specification - Equational Calculus
000000000000 00000000O0000000000000000000000000e
Birkhoff’s Theorem

Birkhoff's Theorem

Theorem 6.17 (Birkhoff). For each specification spec = (sig, E) the
following holds

EEs=t iff EFs=t (i.e.s=ft)

Definition 6.18. /nitial semantics

Let spec = (sig, E), sig strict.

The algebra T.,,/ =¢ ( Quotient term algebra)

(=€ the smallest congruence relation on T, generated by E)
is defined as initial algebra semantics of spec = (sig, E).

It is term-generated and initial in ALG(spec)!

Prof. Dr. K. Madlener: Formal Specification and Verification Techniques: Introduction



Initial semantics

Basic properties

©00000000000000000000000000000000000000000000000000000

Initial Algebra semantics

Initial Algebra semantics assigns to each equational specification spec the
isomorphism class of the (initial) quotient term algebra 7.,/ =¢.
Write: Tepec or /(E)

ALG(spec)

sig=X, spec = (%, E)
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Initial semantics

Basic properties

000000000000 000000000000000000000000000O000000000000000

Quotient term algebras

Quotient term algebras are ADT.

int

Example 7.1. (Continuation)
Al Z
O

spec = INT
{true, false} {1}T U{0}* U {z}
0 true
sucai  sucy, not

pred, predy

V4
not
Tint/ =E

[0] — true [suc®'(0)] — true

[suc®"t1(0)] — false [pred®™™(0)] — false
[pred®”(0)] > true

o = S = = 9Hal
.S S
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000000000000 000000000000000000000000000O000000000000000
Basic properties

O
Initial algebra

spec = (sig, E) Initial algebra Tgpee (/(E))
Questions:

> Is Tpec computable?

> s the word problem (T, =) solvable?

> Is there an “operationalization” of Tgpec?

» Which (PL1-) properties are valid in Tgpec 7

» How can we prove these properties? Are there general methods?

Prof. Dr. K. Madlener: Formal Specification and Verification Techniques: Introduction



Initial semantics

0008000000000 00000000000000000000000000000000000000000
Basic properties

Equational theory / Inductive (equational-) theory

Definition 7.2. Properties of equations

a) TH(E)={s=t:E s =t} Equational theory
Equations that are valid in all spec-algebras.

b) ITH(E)={s =t: Tspec = s =t} inductive (=)-theory
Equations that are valid in all term generated spec-algebras.

Prof. Dr. K. Madlener: Formal Specification and Verification Techniques: Introduction



Initial semantics
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Basic properties

Equational theory / Inductive (equational-) theory

Consequence 7.3. Basic properties

a) TH(E) C ITH(E), since Tpec is @ model of E.
b) Generally TH(E) C ITH(E)
= Hence E is w-complete
~» proofs by consistency inductionless induction
E recursively enumerable (r.e.), so TH(E) r.e., but ITH(E)
generally not r.e.

c) Tspec = s =1t iff o(s) =g o(t) for each ground substitution of the
Var. in s, t. ~ inductive proof methods, coverset induction

d) E:x4+0=x x+s(y) =s(x+y)
~ x+y=y+x€ITH(E) — TH(E)
(x+y)+z=x+(y+2z) Proof!
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000008000000000000000000000000000000000000000000000000
Basic properties

Examples

Example 7.4. Basic examples

a) spec  BOOL
sorts bool
ops true, false :— bool
not : bool — bool
and, or,impl, eqv : bool, bool — bool
if _then__else__ : bool, bool, bool — bool

=} = = = = Al
.S S
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000000@00000000000000000000000000000000O000000000000000

Basic properties
.S S

Example (Cont.)

eqns not(true) = false
not(false) = true
and(true, b) =
and(false, b) = false
or(b, b") = not(and(not(b), not(b)))
impl(b, b") = or(not(b), b’)
eqv(b, b’) = and(impl(b, b'),impl(b’, b))
if true b’ else b’ = b’
if false b’ else b” = b”

(TsooL )bool = {]true], [false]} (Proof!)

~~ Defined- and constructor-functions.
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0000000@0000000000000000000000000000000000000000000000
Basic properties

Example (Cont.)

b) spec SET-OF-CHARACTERS

sorts char, set
ops a,b,c,---:— char
o :— set
insert : char, set — set
eqns insert(x, insert(x, s)) = insert(x, s)

insert(x, insert(y,s)) = insert(y, insert(x, s))

(Tsoc)char - {3, b, Cy.en }
(Tsoc)set - {[@], [insert(a7 @)], R

[13 [13

{@}{insert(a, insert(a, ..., insert(a, @) }
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000000008 000000000000000000000000000000000000000000000

Basic properties

Example (Cont.)

<)
spec  NAT
sorts nat
ops  0:— nat
suc : nat — nat
_+_,__*_ :nat,nat — nat
eans x40 =x
X + sucy = suc(x + y)
x*0=0
x #suc(y) = (x*y)—i—x
(TNAT)nat:{ [0 0+0,0%0,.
[sucO, 0+suc0
[

suc(suc(0)), -

o = - = = 9ar
.S S
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000000000800 000000000000000000000000000000000000000000

Basic properties
.S S

Example (Cont.)

d) Binary tree

spec  BIN-TREE

sorts nat, tree

ops 0:— nat
suc : nat — nat
max : nat, nat — nat
leaf :— tree
left : tree — tree
right : tree — tree
both : tree, tree — tree
height : tree — nat
dleft : tree — tree
dright : tree — tree

=} = = = = Al
.S S
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Basic properties

example

Continuation of d) binary tree.

eqns max(0,n) =n
~ max(n,0)=n
max(suc(m), suc(n)) = suc(max(m, n))
height(leaf) =0
height(both(t, t")) = suc(max(height(t), height(t')))
height(left(t)) = suc(height(t))
height(right(t)) = suc(height(t))
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Correctness and implementation

Correctness

Definition 7.5. A specification spec = (sig, E) is
sig-correct for a sig-Algebra 21 iff Tepec = 2
(i.e. the unique homomorphism is a bijection).

Example 7.6. Application:
INT correct for 7., BOOL correct for B

Note: The concept is restricted to initial semantics!

o = = = = Dol
o
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Correctness and implementation
O
Restrictions/Forgetful functors
Definition 7.7. Restrictions/Forget-images
a) sig=
ie.

(S,F,7), sig = (S',F', ') signatures with sig C sig’,
(SQS’,FQF’ TCT)
For each sig'-algebra U let the sig-part 2., of A be the sig-Algebra
with
i) (Alsig)s =As fors e S
ii) fg”sig =fy forf € F

Note: Alsig is sig - algebra. The restriction of 2 to the signature sig

Alsig is also called forget-image of 2 (with respect to sig).
D) (=, () E DAl
O
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000000000000 0@0000000000000000000000000000000000000000
Correctness and implementation
O
Restrictions/Forgetful functors
Al forget-image of 2 (w.r. to sig). The forget image induces
consequently a mapping (functor) between classes of algebras in the
following way:

sig

2N

sig/

ALG(sig)

sig
W

ALG(sig")

w
Alsig A
forgetfulfunctor
= F = = = Al
.S S
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Initial semantics

000000000000 00e000000000000000000000000O000000000000000
Correctness and implementation

Restrictions/Forgetful functor

b) A specification spec = (sig’, E) with sig C sig’ is
correct for a sig-algebra 21 iff

(TspeC)|sig =2

c) A specification spec’ = (sig’, E’) implements a specification
spec = (sig, E) iff

Sig c Sigl and (Tspec’)lsig = 7—spec
Note:

» A consistency-concept is not necessary for =-specification. ((initial)
models always exist !).

» The general implementation concept (Cl(spec) C Cl(spec’)) reduces
here to = of the valid equations in the smaller language.
,complete” theories.

o & = = va e
.S S
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000000000000 000@00000000000000000000000O000000000000000
Correctness and implementation

Problems

Verification of s =t € Th(E) or € ITH(E).

For Th(E) find =g an equivalent, convergent term rewriting system (see
group example).

For ITH(E) induction’s methods:

s, t induce functions to Tepec. If X1,..., X, are the variables in s and t,
types si,...,S,.
S: (Tspec)51 X X (Tspec)s,, - (Tspec)s
s =t € ITh(E) iff s and t induce the same functions ~~ prove this by
induction on the construction of the ground terms.
NAT O,suc,+ x+y=y+x €ITH

0+x=x
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0000000000000 00080000000000000000000000000000000000000
Correctness and implementation

Problems

»0+0=0 Ass.:0+a=a

0+ Sa=g S(0+a) =, S(a)
» x+0=0+x Ass.:x+a=a+x

.

x+Sa=g S(x+a)=,S5(a+x)=ga+ Sx=S5a+x
» x+Sy=5+y

x4+ S0=F S(x+0) =g Sx =g Sx+0

x + SSa =g S(x+ Sa) =; S(S5x + a) =g Sx + Sa

spec(sig, E) Pspec(sig, E, Prop)
Equations only often  Properties that should hold!
do not suffice ~~ Verification tasks
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Initial semantics

000000000000 00000e000000000000000000000O000000000000000
Structuring mechanisms

O
Structuring mechanisms

Horizontal: - Decomposition, - Combination,
- Extension, - Instantiation
Vertical: - Realisation, - Information hiding,
- Vertical composition
Here:

Combination, Enrichment, Extension, Modularisation, Parametrisation
~~ Reusability.

=] T =  HA
.S S
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0000000000000 00000e00000000000000000000000000000000000
Structuring mechanisms

Structuring mechanisms

BIN-TREE
1) spec NAT 2) spec NAT1
sorts nat use  NAT
ops 0:— nat ops max : nat,nat — nat

suc : nat — nat eqns max(0,n) =n
max(n,0) = n
max(s(m),s(n)) = s(max(m, n))

=] T = = =  HA
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Initial semantics

000000000000 0000000e0000000000000000000000000000000000
Structuring mechanisms

Structuring mechanisms

BIN-TREE (Cont.)

3) spec BINTREEL 4)
sorts bintree
ops leaf :— bintree

spec BINTREE2
use NAT1,BINTREE1
ops height : bintree — nat
left, right : bintree
— bintree
both : bintree, bintree
— bintree

eqns :

o = S = = 9Hal
.S S
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000000000000 00000000e000000000000000000000000000000000
Structuring mechanisms

Combination

Definition 7.8 (Combination). Let spec; = (sigy, E1), with

sigy = (51, F1,71) be a signature and sig, = [S2, F2, 72 a triple, E; set of
equations.

comb = spec; + (sig,, E») is called combination
iff
spec = ((51 U S), (FLUF), (11 Um)), Ey U E) is a specification.

In particular (51U Sy), (F1 U F), (11 UT)) is a signature and E,
contains ,,syntactically correct” equations.

The semantics of comb:  Tcomb = Tspec
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Structuring mechanisms

The semantics of comb

Teomb = spec
Typical cases:
S, = &, F new function symbols with arities 7, (in old sorts).

S> new sorts, F> new function symbols.
T, arities in new + old sorts.

E; only ,new" equations.

Notations: use, include (protected)

= = =  HA
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Initial semantics

000000000000 0000000000e0000000000000000O000000000000000

Structuring mechanisms

Example

Example 7.9.

spec
sorts
ops

spec
use
ops
eqns

INT1

int

0:—int

suc : int — int

N

INT2
INT1
pred : int — int
pred(suc(x)) =
suc(pred(x)) =

a) Step-by-step design of integer numbers

semantics

Tint1 = (N, 0, sucy)

TinT2 = (Z, 0, sucy, predy)
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Initial semantics

000000000000 00000000000@000000000000000000000000000000
Structuring mechanisms
O
Example (Cont.)
Question: Is the INT1-part of T\n12 equal to TinT17?
Does INT2 implement INT17?

(Tint2)|inT1 = TinT1
(Za 07 sucz, predZ) ||NT1
0
(Z,0,sucyz)

% (N’ 07 SUCN)

Caution: Not always the proper data is specified!
Here new data objects of sort int were introduced.

=] T = = =  HA
.S S
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0000000000000 00000000000e00000000000000000000000000000
Structuring mechanisms
.S S
Example (Cont.)
b) spec

NAT?2
use NAT
eqns

suc(suc(x)) = x

(Tnar2)|naT = (N mod 2)[yar = Nmod 2 % N = Tyar

Problem: Adding new or identifying old elements.

=] T = = =  HA
.S S
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Structuring mechanisms
.S S
Problems with the combination
Let

comb = spec; + (sig, E)
(Tcomb)|spec1 is specy Algebra

. . -y . ~
Tspec, is initial spec; algebra }

3! homomorphism h: Tgpec, — (Teomb)|spec,

Properties of

h: not injective / not surjective / bijective.
e.g. (TeiNTReE2)|NAT = TnaT-

=] T = = =  HA
.S S
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Structuring mechanisms
.S S
Extension and enrichment
Definition 7.10.

extension iff

a) A combination comb = spec; + (sig, E) is an

(Tcomb)‘spec1 = spec;

b) An extension is called enrichment when sig does not include
new sorts, i.e. sig = [&, F, )]

» Find sufficient conditions (syntactical or semantical) that guarantee
that a combination is an extension

=] T = = =  HA
.S S
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Initial semantics

000000000000 000000000000000e00000000000000000000000000

Structuring mechanisms
.S S

Parameterisation

Definition 7.11 (Parameterised Specifications). A
parameterised specification Parameter=(Formal, Body) consist of two
specifications: formal and body with formal C body.

i.e. Formal=(sigg, EF), Body=(sigg, Eg), where

sige C sigg EF C Ep.

Notation: Body[Formal]

Syntactically: Body = Formal +(sig’, E') is a combination.

Note: In general it is not required that Formal or Body[Formal] have an
initial semantics.

It is not necessary that there exist ground terms for all the sorts in Formal.
Only until a concrete specification is “substituted”, this requirement will
be fulfilled.

[m] = = v v
S
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000000000000 0000000000000000e0000000000000000000000000
Structuring mechanisms

Example
Example 7.12. spec ELEM (Tspec)elem = &
sorts elem
ops  next:elem — elem
spec  STRING[ELEM] (Tspec)string = {[empty]}
use ELEM

sorts string

ops  empty :— string
unit : elem — string
concat : string, string — string
ladd : elem, string — string
radd : string, elem — string
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000000000000 00000000000000000e000000000000000000000000
Structuring mechanisms

Example (Cont.)

eqns concat(s,empty) = s
concat(empty, s) = s
concat(concat(sy, sp), s3) = concat(sy, concat(sy, s3))
ladd(e, s) = concat(unit(e), s)
radd(s, e) = concat(s, unit(e))

Parameter passing: ELEM — NAT

STRING[ELEM] — STRING|NAT]

Assignment: formal parameter — current parameter

SF — SA
Op — Opa

Mapping of the sorts and functions, semantics?

=] T =  HA
.S S
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000000000000 000000000000000000e00000000000000000000000

Signature morphisms - Parameter passing
.S S
Signature morphisms - Parameter passing

Definition 7.13. a) Let sig; =

of functions o = (g, h) withg : S1 — Sy, h: F1 — Fris a

(Si, Fi,7i) i = 1,2 be signatures. A pair
signature morphism, in case that for every f € F

Tz(hf) — g(Tlf)
(g extended to g : S — S3).
In the example g :: elem — nat h :: next — suc
Also o : SigBOOL — SigNAT with

g bool — nat
h: true—0

false — 0

is a signature morphism.

not — suc and — plus
or — times
=] = = = = Al
.S S
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000000000000 0000000000000000000e0000000000000000000000

Signature morphisms - Parameter passing
.S S

Signature morphisms - Parameter passing

b) spec = Body[Formal] parameterised specification and Actual a
standard specification (i.e. with an initial semantics).
A parameter passing is a signature morphism
o : sig(Formal) — sig(Actual) in which Actual is called the current
parameter specification.

(Actual, o) defines a specification VALUE through the following
syntactical changes to Body:

1) Replace Formal with Actual: Body[Actual].

2) Replace in the arities of op : s1...s, — so € Body, which are not in
Formal, s; € Formal with o(s;).

3) Replace in each not-formal equation L = R of Body each
op € Formal with o(op).

4) Interprete each variable of a type s with s € Formal as variable of
type o(s).

5) Avoid name conflicts between actual and Body/Formal by renaming
properly.

.S S
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000000000000 00000000O000000000000e000000000000000000000
Signature morphisms - Parameter passing

O
Parameter passing

Notation:
Value = Body[Actual, o]

Consequently for o : sig(Formal) — sig(Actual) we get a a signature
morphism

o' : sig(Body[Formal]) — sig(Body[Actual, o] with
Formal —— Body

o (x) = o(x) x € Formal

1
1
| I
o o X x ¢ Formal
1

v
Actual ——— Value

Where x’ is a renaming, if there are naming conflicts.
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Signature morphisms - Parameter passing

Signature morphisms (Cont.)

Definition 7.14. Let o : sig’ — sig be a signature morphism.

Then for each sig-Algebra 2 define 21|, a sig'-Algebra, in which for
sig = (S',F', 7))

(qu)s - An(s) se S’ and fg[‘ﬂ = J(f)gl feF.
A|, is called forget-image of 2 along o
Hence |, is a “mapping” from sig-Algebras into sig’ -Algebras.

(Special case: sig’ C sig:—) |sig
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Signature morphisms - Parameter passing
.S S

Example

Example 7.15. 2 = Tyar (with 0, suc, plus, times)
sig’ = sig(BOOL) sig = sig(NAT)
o : sig — sig the one considered previously.

((TnAT)|o)bool = (TNAT)(bool) = ( TNAT )nat
= {[0], [suc(0)],... }

true(ry), = o(true)ry, = [0]
false(ryun)l, = o(false) 1y = [0]
NOt(Tyr)|, = a(nOt) Tnar  —  SUCTyAr
and(TNAT)lc = o(and) Taar = p.lusTNAT
OF(Tuat)|o =  o(oNTye = timesty.

Prof. Dr. K. Madlener: Formal Specification and Verification Techniques: Introduction 239



Initial semantics
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Signature morphisms - Parameter passing

Forget images of homomorphisms

Definition 7.16. Let o : sig’ — sig a signature morphism, A,B
sig-algebras and h : A — B a sig-homomorphism, then

hlo =={hys) | s €S’} (withsig = (S',F',7')) is a sig/-homomorphism
from |, — B|, by setting

(hlo)s = hos) 1 Asisy —  Bos)
Il Il
™As)s — (Blo)s

h|s is called the forget image of h along o
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Signature morphisms - Parameter passing

Forgetful functors

A, 17 g

) Q>
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0000000000000 000000000000000000000000e0000000000000000
Signature morphisms - Parameter passing
.S S
Forgetful functors
Properties of h|, (forget image of h along o)

!
sig/ g sig 7 sig’’
ALG(sig') o ALG(sig) Jo ALG(sig")
W W W

W
h|o
a1, M

B|,

h
A— B
Compatible with identity, composition and homomorphisms.
=) = = = = Al
.S S
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Initial semantics

Signature morphisms - Parameter passing
O
Forgetful functors
Let o : sig/ — sig, A, B, sig-algebras, h: A — B, sig-homomorphism.
hlo = {hyis) | s €S}, sig/ = (§', F/, '), with
hls : Als — Bl forget image of h along o.

o' oo
. I a-
sig

!
— sig 7. sig’’
Alg(sig') <=

Alg(sig) <L'—'A|g(sig")

|(U/oo)
= = - = = 9ar
.S S
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Signature morphisms - Parameter passing

0000000000000 00000000000000000000000000@00000000000000

Parameter Specification Body|[Formal|

ALG(Formal)

in ALG(Body)
Formal ——— Body

incl
o

|a’
Actual &—— Value
in
ALG(Actual) <

|inc|’

ALG(Value)
=] T = = =  HA
.S S
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Semantics parameter passing
O
Semantics of parameter passing (only signature)
Definition 7.17. Let Body[Formal] be a parameterized specification
o : Formal — Actual signature morphism.

Semantics of the the “instantiation” i.e. parameter passing [Actual, o).

o : Formal — Actual
!
initial semantics of value. i. e
TBody[ActuaI,o]
Can be seen as a mapping : S ::(Tactual; @) = TBody[Actual,o]
This mapping between initial algebras can be interpreted as

correspondence between formal algebras — body-algebras.

(TActua|)|cr = (TBody[Actual,a])|a’
o &5 = o
.S S
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Semantics parameter passing
Semantics parameter passing

(Tactat)|o = ( TBody[Actual,o])|o”

Actual =——— Body[Actual, o]
init-Sem.

init-Sem.

TBody[ActuaI,a]

forget-image

( TBody [Actual, o] ) lincl

I
hinit © Tactual —> (TBody[ActuaI,o])lActua|
=] T = = =  HA
.S S
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Initial semantics

Semantics parameter passing

0000000000000 00000000000000000000000000000800000000000

Mapping between initial algebras

(( TValue)Ia/ )lFormaI

|inc|
lo

N (Tactual)],
(hinit) |

incl’

(TVaIue)|a/
? € Alg(Formal) o
Formal —— Body
inc
o o o’
Actual ——— Value
;1/ TActuaI

(TValue) |acum

incl’
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Initial semantics
000000000000 00000O000O00000000000000000000000e0000000000
Semantics parameter passing

Properties of the signature morphism

Formal AN Actual

sorts elem elem — nat | sorts nat

ops a,b:— elem a—0 ops 0,1:— nat
eqns a=>b b—1 eqns

2 = Tactal  Anat = {0, 1}
A|, € Alg(sig Formal) (Als)elem = {0,1}
ala, =0#1=bly
Equation from Formal is not fulfilled! i.e. |, ¢ Alg(Formal).
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Initial semantics

Semantics parameter passing

000000000000 00000000000000000000000000000000e000000000

Parameter passing (Actual, o)
Body[Formal]

o : sig(Formal) — sig(Actual)
signature morphism

Formal ——— Body
incl

o’(with renaming)
incl

Actual —— Value = Body/[Actual, o]

Precondition: sig(Actual) and sig(Value) strict.
o < : =, = ©ac
e
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Initial semantics

Semantics parameter passing

Q0000000000000 0000000000000000000000000000000800000000

Parameter passing (Actual, o)

Forgetful functor: |, : Alg(sig) — Alg(sig’)

2|, for o : sig/ — sig
h: A — B sig-homomorphism

sig’-homomorphism

hly: Ale — Bls

=] T = = =  HA
.S S
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Initial semantics

Semantics parameter passing

Q0000000000000 00000000000000000000000000000000e0000000

Parameter passing (Actual, o)

(( TValue)I,,/ )‘Formal

o

AN
(hinit) |

|inc| (

TVaIue)|g,
(Tactual)|, € Alg(Formal)

|0’
lo

/ 7—Actual
( TValue) | Actual

init

Problems: 1) (Tactual)|o € Alg(Formal),

| TVaIue
incl’
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Initial semantics

000000000000 00000O000O0000000000000000000O00000000e000000

Specification morphisms
.S S

Specification morphisms

Definition 7.18. Let spec’ = (sig’, E'), spec = (sig, E) (general)
specifications.

A signature morphism o : sig’ — sig is called a specification morphism, if
o(s) =o(t) € Th(E) for every s =t ¢ E' holds.

Write: o : spec — spec

Fact: If A € Alg(spec) then 2|, € Alg(spec)
i.e. |0 : Alg(spec) — Alg(spec’)!

Often ,,only“the weaker condition o(s) = o(t) € ITh(E) is demanded in
above definition. More spec morphisms!
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Initial semantics
000000000000 00000000O0000000000000000000O000000000e00000
Specification morphisms

Semantically correct parameter passing

Definition 7.19. A parameter passing for Body[Formal] is a pair
(Actual, o) Actual an equational specification and o : Formal — Actual a
specification morphism.

Hence:: (Tactual)|o € Alg(Formal)

- Demand also hi,;: bijection. Proof tasks become easier.
There are syntactical restrictions that guarantee this.

Algebraic Specification languages

CLEAR, Act-one, -Cip-C, Affirm, ASL, Aspik, OBJ, ASF, «: newer

languages: - Spectrum, - Troll.
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Initial semantics
0000000000000 000000000000000000000000000000000000e0000
Specification morphisms

Example

Example 7.20.

( spec  ELEMENT
use BOOL
sorts elem
Formal:: ¢ ops .<.:elem, elem — bool
eqns x < x = true
imp(x <y andy < z,x < z) = true
x<yory<Xx=true

= = =  HA

.S S
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Initial semantics
0000000000000 0000000000000000000000000000000000000e000
Specification morphisms

Example (Cont.)

spec LIST[ELEMENT]

use ELEMENT

sorts list

ops  nil :— list
. : elem, list — list
insert : elem, list — list
insertsort : list — list
case : bool, list, list — list
sorted : list — bool

=] T = = =  HA
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Initial semantics
000000000000 00000000O0000000000000000000O000000000000e00
Specification morphisms

Example (Cont.)

eqns case(true, i, h) = h
case(false, h, h) = h

insert(x, nil) = x.nil
insert(x, y.l) = case(x <y, x.y.l,y.insert(x,/))

insertsort(nil) = nil
insertsort(x./) = insert(x, insertsort(/))

sorted(nil) = true
sorted(x.nil) = true

sorted(x.y./) = if x < y thensorted(y./) else false

Property: sorted(insertsort(/)) = true
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Initial semantics

0000000000000 000000000000000000000000000000000000000e0
Specification morphisms
.S S
Example (Cont.)
ACTUAL = BOOL

g

elem — bool, bool — bool
. <. — impl

The equations of ELEMENT are in Th(BOOL)
~~» Specification morphism

=] T = = =  HA
.S S
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Initial semantics
0000000000000 0000000000000000000000000000000000000000e
Specification morphisms

Example (Cont.)

ACTUAL = NAT
o: bool — nat elem — nat

true — suc(0) not allowed
false — 0

not — suc

or — plus

and — times

<
is not a specification morphism
not(false) = true
not(true) = false does not hold!.

=] T = = =  HA
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